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Abstract. The two standard ways of measuring the order of contact of g-dimensional complex 
varieties with the boundary of a domain in C", the D'Angelo g-type and the Cathn q-type, were 
known to be equal for g = 1. In this work, we show the D'Angelo g-type dominates the Catlin 
g-type from above for any 1 < q < n. In the other direction, provided the D'Angelo q-type is 
finite and the domain has the q version of D'Angelo's property P, a power of the Catlin q-type 
dominates the D'Angelo q-type from above modulo a constant. In particular, these two notions 
are simultaneously finite and effectively related for a pseudoconvex domain in C". 
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1. Introduction 

The quest for the best measure of the order of contact of complex varieties with the boundary 
of a domain in C" originates from the study of the subellipticity of the 9-Neumann problem. 
Joseph J. Kohn proved in 1979 in [15] that for a pseudoconvex domain in C" with real-analytic 
boundary the subellipticity of the 9-Neumann problem for [p, g) forms is equivalent to the 
property that all holomorphic varieties of complex dimension g have finite order of contact 
with the boundary of the domain. Soon afterwards, John D'Angelo introduced a quantitative 
measure for this order of contact, presently known as the D'Angelo g-type, Ag. In a series 
of papers, D'Angelo fleshed out its more important properties culminating with openness and 
finite determination, which he established in 1982 in [10]. Meanwhile, David Catlin was working 
on extending Kohn's result to smooth pseudoconvex domains, which he carried out in a series 
of very deep papers [2], [3], and [1]. The notion of finite order of contact of holomorphic 
varieties of complex dimension g with the boundary of the domain that he defined in [4J and 
showed is equivalent to the subellipticity of the 9-Neumann problem for [p, q) forms for smooth 
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pseudoconvex domains is not the same as D'Angelo's notion. The two trivially agree for q = I, 
i.e. for holomorphic curves, but for g > 1 David Catlin merely expressed the hope that they 
might be shown to equal each other. Catlin's notion is what became known as Catlin g-type, 
Dg. Much later in 1999, in a joint survey paper by John D'Angelo and Joseph J. Kohn [13], it 
was claimed that these two notions ought to be simultaneously finite. 

Catlin's result in |1] went further than just establishing the equivalence in the sense that he 
also proved a lower bound for subelliptic gain in the 5-Neumann problem 



that holds for any smooth pseudoconvex domain in C" and is exponential in r = Dg, his notion 
of contact of holomorphic varieties of complex dimension q with the boundary of the domain. 
Apart from Catlin's result, there are a number of either sharp or effective bounds for subelliptic 
gain for (0, 1) forms, i.e. when g = 1, in terms of Ai = Di, see [16], [6], [H], and [7]. Any other 
such result for g > 1 obtained in terms of D'Angelo's more standardly used notion of g-type 
would have to be compared against Catlin's benchmark estimate. Herein lies the significance 
of our work in this paper as we relate Ag with Dg for g > 1, thus enabling such a comparison. 
Our main result is the following: 

Main Theorem 1.1. Let Q in C" be a domain with C°° boundary. Let xq & bQ be a point on the 
boundary of the domain, and let 1 < q < n. The D'Angelo q-type atx^ Ag{bQ,Xo) dominates the 
Catlin q-type Dq{bQ,xo) from above, i.e. Dq{bfl,Xo) < Ag{bQ,Xo). If Aq{bQ,xo) < oo and the 



In particular, ifbfl is pseudoconvex at Xq and Aq{bQ,XQ) < oo, then Dq{bQ,xo) and Aq{bQ,X()) 
are simultaneously finite and effectively related via 



so the upper bound for Ag{bfl,xo) given here is not sharp for g = 1, when Ag{bQ,xo) and 
Dq[bfl, Xq) are equal to each other. We exclude the value q = n because bfl has real dimension 
2n — 1, so looking at its order of contact with an n dimensional complex variety does not make 
sense. It is also known that subellipticity with exponent e = 1 holds at all boundary points 
for (p, n) forms. The reader may consult p. 83 of [I5]. The last part of Theorem 11.11 follows 
because a pseudoconvex domain where Aq{bQ,xo) < oo satisfies the g version of D'Angelo's 
property P at xq, a generalization of D'Angelo's property P for g > 1. It should be noted here 
that D'Angelo's property P defined in [10] is not the same as Catlin's Property (P) introduced 
by Catlin in [5]. D'Angelo's notion is a local notion that pertains to hypersurfaces in C" where 
Ai(6f2,xo) < oo, is weaker than pseudoconvexity, and implies some estimates among certain 



e > T 



domain has the q version of D'Angelo's property P at Xq, then Aq{bQ,XQ) < 2 





By definition, Dg{bQ,xo) > 2, and 
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notions of type. By contrast, Catlin's Property (P) is a global notion that entails the existence 
of a smooth plurisubharmonic function on the closure of the domain with certain properties, 
is more general than the D'Angelo 1-type being finite at each boundary point, and has the 
compactness of the 9- Neumann operator as a consequence. Details can be found in [5J and [1]. 

This paper is organized as follows: Section [2] defines D'Angelo g-type and outlines a number 
of its properties. D'Angelo's property P is also defined here along with its q version for g > 1. 
Section [3] is devoted to the Catlin g-type. The two notions are then related in Section HJ where 
the Main Theorem 11.11 is also proven. 

Acknowledgements The authors wish to thank David Catlin and John D'Angelo for a number 
of very useful discussions. The first author was partially supported by the grant PN-II-ID- 
PCE-2012-4-0156. He would like to thank the Department of Mathematics at the University 
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2. D'Angelo g-TYPE and property P 

Starting with [8], John D'Angelo introduced various numerical functions that measure the 
maximum order of contact of holomorphic varieties of complex dimension q with a real hyper- 
surface M in C" such as the boundary of a domain. The interested reader should consult [12] 
for the most comprehensive treatment of this topic. 

We shall first give the classical definition of order of contact for g = 1, holomorphic curves, 
where the most natural definition is clear. We shall then see how much more complicated this 
order of contact is to define for g > 1. Let r be a defining function for the real hypersurface M 
in C". Let C = C(m,p) be the set of all germs of holomorphic curves 

y.:(f/,0)^(C'",p), 

where U is some neighborhood of the origin in and V'(O) = p. For all t E U, ip{t) = 
{(pi{t), . . . , (prn{t)), where <fj{t) is holomorphic for every j with I < j < m. For each component 
ipj, the order of vanishing at the origin or do (fij is the order of the first non- vanishing derivative 
of (fj, i.e. s G N such that 

but ^ipj(0) 7^ 0. We set ordoip = mini<j<m, ordoipj. Consider ip*r, the pullback of r to ip, and 
let ordQip*r be the order of the first non-vanishing derivative at the origin of ip*r viewed as a 
function of t. 



Definition 2.1. Let M be a real hypersurface in C", and let r be a defining function for M. 
The D'Angelo 1-type at xq & M is given by 

A fM \ ordo<f*r 
Ai(M, xo)= sup . 

If Ai{M,xo) is finite, we call Xq a point of finite D'Angelo 1-type. 
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Remark: John D'Angelo showed Ai(M, xq) is well-defined, i.e. independent of the defining 
function r chosen for M. He also showed it fails to be upper semi-continuous in [S] . Fortunately, 
Ai(M, xq) being finite is an open condition, and Ai(M, xq) itself is finitely determined, i.e. it is 
determined merely by a certain jet of the Taylor expansion of r at Xq and not the entire Taylor 
expansion. We shall rigorously state both of these properties after we define Ag{M,xo). 

When holomorphic varieties have complex dimension greater than 1, there is no longer just 
one natural definition of their order of contact with a real hypersurface in C" as not every 
holomorphic variety of dimension q > 2 has a local parametrization. One approach is to reduce 
this case to computing Ai(M, xq) for a related hypersurface M sitting in a different C"^ such 
that the holomorphic varieties of dimension q generically become holomorphic curves in the 
new ambient space. This is the approach taken by D'Angelo in |10]. Let (j) : C^-i^'^ — )• C" be 
any linear embedding of C"^''^^ into C". For generic choices of 0, the pullback 0*M will be a 
hypersurface in C""''^^. We can thus define Ag(M, xq) as follows: 

Definition 2.2. Let M be a real hypersurface in C", and let r be a defining function for M. 
The D'Angelo q-type at xq & M is given by 

A ^ ■ f ordo!f*(j)*r ^ 
Aq[M,Xo) = mf sup = mt Ai(0 r,Xo), 

^ if£C{n-q+l,xo) OrdQip <j) 

where (p '■ C""''^-'^ — > C" is any linear embedding of C"^'^^-'^ into C" and we have identified xq 
with 0~"^(xo). If Aq{M,xo) is finite, we call xq a point of finite D'Angelo q-type. 

By truncating the Taylor expansion of the defining function r at Xq, John D'Angelo was 
able to prove one of the most important properties of Ag(M, xq), namely the openness of the 
set of points of finite g-type. Furthermore, using ideas from algebraic geometry over the ring 
of holomorphic functions, John D'Angelo was able to give a bound on the maximal jump of 
Ag{M,x) in a neighborhood of Xq. We recall Theorem 6.2 from p. 634 of (TUj : 

Theorem 2.3. Let M be a smooth real hypersurface in and let Aq(M, xq) be finite at some 
Xq G M, then there exists a neighborhood V of Xq on which 

Ag(M,x) <2(A,(M,xo))"-^. 



Remark: This theorem holds independently of pseudoconvexity. 

We shall now state another essential property of Ag(M, xq), being finite determined. This is 
Proposition 14 from p. 88 of [llj: 

Theorem 2.4. The function Aq{M,xo) is finite determined. In other words, if Aq{M,xo) is 
finite, then there exists an integer k such that Ag(M, xq) = Aq{M' , xq) for M' a hypersurface 
defined by any r' that has the same k-jet at Xq as the defining function r of M. 
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Remark: Let t = Aq{M, xq) < oo, then it follows from the proof of Proposition 14 in [TT] that 
we can let k = \t], the roundup of t, i.e. the lowest integer greater than or equal to t. 

For the purpose of relating Ag{bQ, xq) with Dq{bfl, xq), we will need to show that Ag{bQ, xq) is 
generic with respect to the choices of linear embeddings : C"^''^^ — t- C". In fact, to each linear 
embedding : C""*^"*"^ — )■ C", there corresponds a set of q — 1 linear forms {wi, . . . , Wg-i} in O^q, 
the local ring of holomorphic germs in n variables at xo G C"". The zero set of {wi, . . . ,Wq-i} 
is locally the image of 0. Obviously, there is a one-to-one correspondence between linear em- 
beddings from C"^"^^^ into C" and non-degenerate such sets of linear forms. 

Restating the embedding as a non-degenerate set of linear forms points to the necessity of 
having a notion of type that applies to an ideal rather than just a hypersurface, which is what 
has been defined so far. Indeed, D'Angelo makes the following definition on p. 86 of [1 Ij : 

Definition 2.5. Let be the ring of smooth germs at xq G C" and let I be an ideal in C^. 

Ai(X, Xo) = sup mf ; . 

Remark: If M be a real hypersurface in C" and Xq G M, let X(M) be the ideal of smooth 
germs in that vanish on the germ of M at xq. Then Ai(X(M),xo) = Ai(Af, xq) because 
the infimum in Definition 12.51 is realized by a defining function of M, which has order 1 at xq. 
Of course, it has already been mentioned that Ai(M, xq) is well-defined, i.e. independent of 
the choice of defining function. 

Now we can give an equivalent definition to Definition 12.21 that was first stated by D'Angelo 
on the bottom of p. 86 of |llj : 

Definition 2.6. Let M be a real hypersurface in C", and let Xq G M. If {wi, . . . , is any 

non- degenerate set of linear forms in Ox^, the D'Angelo q-type at xq E M is given by 

A,(M,xo)= inf AMl{M),wu...,Wq_i),Xo) 

where {X{M),wi, . . . , Wg^i) is the ideal in generated by X{M),wi, . . . , 

Since working in the ring is not particularly easy, it would be helpful to reduce the 
computation of type to a computation in Oxq, which has much better algebraic properties. 
Let us assume for the moment that Ag(M, xq) = t < oo, and let k = [t], the roundup 
of t. By Theorem 12.41 and the remark following it, Aq(M, xq) = Ag{Mk,xo), where is real 
hypersurface defined by r^, the polynomial that has the same /c-jet at Xq as the defining function 
r of M. The advantage of working with is that we can apply polarization to it, namely we 
can give a holomorphic decomposition for as 

r, = Re{h} + \\f\\'-\\g\\^ 

where = Ylf=i l/jf , llS'lP = E^Li \9j\^, and the functions /i, /i, . . . , f^, gi, . . . , gN are all 
holomorphic polynomials in n variables. This idea first appeared in Section III of D'Angelo's 
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paper ^U\. Furthermore, if U{N) is the group oi N x N unitary matrices, then for every such 
unitary matrix U G U{N), we can consider the ideal of holomorphic polynomials I{U,Xo) = 
{h, f — Ug) generated by h and the components of / — Ug, where / = (/i, . . . , /jv) and 
g = {gi, . . . , (yfjv). It turns out that 

sup Ai(X([/,xo),xo) < Ai(Mfc,xo) < 2 sup Ai(X(f/, xq), xq). (2.1) 

UeU(N) U&U{N) 

We have used Corollary 3.7 on p. 627 of (TO]. If we now combine this result with Definition 12.61 
and Theorem 12.41 we obtain 



inf sup Ai((X(f/,xo),wi, . . . ,Wq-i),xo) < Ay(M,xo) 

. . (2.2) 

<2 mf sup Ai (X(f/,xo),Wi,...,w7g_i),Xo . 

Since U{N) is compact, the supremum over it would be easy to handle if Ai were an upper 
semi-continuous quantity, but it is not as shown by D'Angelo in [9]. We thus need to compare 
Ai to some other quantity computed in O^q that is upper semi-continuous. We will use 

D(X,xo) = dimc(0.oA), 

where X is an ideal of holomorphic germs at Xq. Here dimc(0a:o/2^) means the dimension of 
Ox^jl- viewed as a vector space over C. This notion appears under different names in the 
literature. For example, on p. 153 of David Catlin calls it the multiplicity of the ideal X. 



Proposition 2.7. LetX{X) be an ideal inOxo that depends continuously on X. Then D (Z{X) , xoj 
is an upper semi- continuous function of X. 

This result is part of Proposition 5.3 on p. 39 of [17j cited by D'Angelo in [jlOj. In our case, 
X(U,xo) obviously depends continuously on U, so D(I{U, xq), xq) is upper semi- continuous on 
the compact set IA{N). This implies D(X{U^xq)^xq) achieves a maximum on IA{N) because 
each U G IA{N) has an open neighborhood V{U) such that 

D(X(f/',xo),a;o) < D(X(f/, xo), Xq) 

for every U' G V{U) from the upper semi-continuity, {V{U)} is an open cover of U{N), we can 
thus pass to a finite open subcover {V{Uj)}i<j<p, and then we can take max D(X{Uj, Xq), Xq). 

Since we are primarily interested in the case q > 1, the object that appears naturally cor- 
responding to a proper ideal X in Oxq is D ^(X, wi, . . . , Wq-i),xoj , where {wi, . . . , Wg-i} is a 

non-degenerate set of linear forms. It turns out that d(^(I,wi, . . . , Wg_i),Xoj is generic when 
we consider its value over all non-degenerate sets of linear forms {wi, . . . , Wg^i} : 
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Proposition 2.8. Let I be a proper ideal in Oxq-, and let xq G C". // {wi, . . . , is any 

non- degenerate set of linear forms in O^g, 



inf D({Z,wi,...,Wg-i),xo) = gen.valr ,d({Z,wi, 

{wi,...,Wq-l} \ / L I, J Y 



,Wg-l),X0 



where (X,wi, . . . ,Wg-i) is the ideal in Oxo generated by Z,wi, . . . ,Wg-i. In other words, the 
infimum is achieved and equals the generic value. 

Proof: For every non-degenerate set of linear forms {wi, . . . , Wq-i} in O^o, we consider a linear 
change of variables at xq such that wi, . . . , Wg-i become the coordinate functions zi, . . . , Zg-i. 
Let X be the image of X under this linear change of variables. Consider now 



D (^(X, zi,..., Zg^i),xo^ = dime (Oxo/ (X, zi 



, . . . , ^g~l^ 



Since the variables zi, . . . , Zg_i get set to zero in the quotient Oxo/{T, zi, . . . , Zg_i) and the 
quantity D ^(X, zi, . . . , Zg_i),XQ^ is invariant under linear changes of variables, it follows that 

inf D({I,wi,...,Wg_i),Xo) = gen.vaL yD({Z,wi, . . . ,Wg_i),Xo) 

as needed. □ 
Propositions 12.71 and 12.81 together make looking at 

sup inf D({I{U,xo),wu...,Wg-i),xo) 

U&U{N) {wi,---,Wg-l} V / 

much easier in the sense that the supremum and the infimum, which are both achieved, can 
be exchanged here. D'Angelo has already related this quantity to Aq(M, xq) in Theorem 14 on 
p.91 of [n]: 



Theorem 2.9. 

A,(M,a;o)<2 sup inf d({X{U,xo),wi, . . . ,Wg.i),xo) <2{\{M,xo)Y 

U£U(N) {wi,...,Wq^l} \ / V / 

We shall use the lower bound, 

^ Ag{M,xo) < sup inf D({Z{U,xo),wi,...,Wg-i),xo) (2.3) 

^ UeU(N) {wi,...,Wq-l} V / 

in the proof of Theorem II. 1[ 

Another ingredient in the proof of Theorem 11.11 is showing that Ag(M, xq) assumes the 
generic value with respect to choices of non-degenerate sets of linear forms {wi, . . . ,Wq-i} in 
its definition: 



8 VASILE BRINZANESCU AND ANDREEA C. NICOARA 

Proposition 2.10. Let M be a real hypersurface in C", and let xq G M. If {wi, . . . ,Wq-i} is 
any non- degenerate set of linear forms in O^o, the infimum in the definition of Aq{M,xo) is 
achieved and equal to the generic value, 

Ag{M,xo)= inf Ai({I{M),w^,...,Wg_i),Xo) 

{tOl,...,«)q_l} V / 

= gen.val Ai (^{I{M),wi, xq) , 

where (X(M), wi, . . . , is the ideal in generated by Z{M),wi, . . . , Wg^i. 

Proof: We consider two cases. First, if 

Aq{M,xo)= inf Ai((X(M),wi, . . . ,Wg_i),xo) = oo, 

{wi,...,Wq-l} \ J 

then clearly Ai ^(X(M), Wi, . . . , xq j = oo for every non-degenerate set of linear forms 

{wi, . . .,^9-1} in C^Q, so 

Ag(M, xo) = gen.waZ{^^^ Ai (^(X(M), . . . , u^g-i), Xq) , 

i.e. the infimum is achieved and equal to the generic value. Second, assume Aq(M, xq) = t < 00. 
One of the equivalent ways of defining Aq(M, xq) is as 

\ (^A \ ■ f ■ f Q^^o <^*9 
Aq[M,Xo) = mi sup mt . 

{wi,. ..,Wq-i} <^gC(n,2^o) 9G(X(M),-u;i,...,«)g_i) Ord^if 

Obviously, the supremum is realized here by curves that set to zero as these 

functions have the lowest order of vanishing, namely 1. It follows that 

Ag(M, xo) = gen.m/|^^^ Ai [(X{M),wi, Wq_i),Xo^ , 

and the infimum over all non- degenerate sets {wi, . . . ,Wq^i} of linear forms in is indeed 
achieved and equal to the generic value. □ 

Finally, we turn our attention to D'Angelo's property P, which he defined on p. 631 of [TO] : 

Definition 2.11. Let M be a real hypersurface of C^, and let xq be a point of finite type on 
M. We suppose that Ai(M, xq) < k. Let jk,xo^ = fk = Re{h} + — WgW^ be a holomorphic 
decomposition atxQ of the k-jet of the defining function r of M. We say that M satisfies property 
P at Xq if for every holomorphic curve if G C(n, Xq) for which (f*h vanishes, the following two 
conditions are satisfied: 

(i) ordo{p*r is even, i.e. cfrdoip*r = 2a, for some a G N; 

7 \ a / ^ \ ^ 



dt J \ dt 
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Remarks: 



(1) Due to Theorem 12.4^ the finite determination property of Ag(M, xq) for all 1 < g < ra, this 
definition is independent of k provided k is large enough. 

(2) The condition ip*h = is not in the least restrictive as corresponding to the truncation 
Tfc is a hypersurface, i.e. the function h has vanishing order 1 at Xq, so there is a change of 
variables at xq that maps the holomorphic polynomial h to the coordinate function Zn- Since 
the D'Angelo type does not depend on coordinate system and is always greater than or equal 
to 2, no holomorphic curve with ip*Zn{0) can realize the supremum, so holomorphic curves 
in the original coordinate system that satisfy !f*h ^ are irrelevant to the type computation. 

Let us now define the q version of D'Angelo's property P, which is the hypothesis that appears 
in Theorem II. 1[ 

Definition 2.12. Let M be a real hypersurface ofC", and let xq & M be such that Ag{M,XQ) < 
k. Let jk,xo^ = fk = Re{h} + — Hfi'lP be a holomorphic decomposition at Xq of the k-jet 
of the defining function r of M. We say that M satisfies the q version of property P at xq if 
for every holomorphic curve if G C(?t,,Xo) for which (p*h vanishes and such that the image of ip 
locally lies in the zero locus of a non- degenerate set of linear forms {wi, . . . ,Wq-i} at xo, the 
following two conditions are satisfied: 

(i) orrfo ^p*r is even, i.e. ord^ (p*r = 2a, for some a G N; 



Remark: The change here versus D'Angelo's property P is that we ask that his conditions be 
satisfied only for the holomorphic curves that come into the computation of Aq(M, xq). 

The reason D'Angelo introduced property P is that it allowed him to prove the following result, 
which appears as Theorem 5.3 on p. 631 of [lOj: 

Theorem 2.13. Suppose that M satisfies property P at xq, then 



i.e. the upper bound in Equation (12. ip is achieved. 

It turns out then that a pseudoconvex domain of finite D'Angelo type has property P as 
do the hypersurfaces corresponding to truncations of the defining function at Xq of any order 
higher than the type. Before formally stating this result, we shall state a proposition that 
appeared as Proposition 2 on p. 138 of [12j, which justifies why such a result ought to be true. 

Proposition 2.14. Suppose that M is a pseudoconvex hypersurface containing the origin with 
local defining function r . Suppose further that ip : (C, 0) — )■ (^^,0) is a parametrized holomorphic 
curve such that the Taylor series for (p*r satisfies 

(i) ordo ip*r = m 




Ai(M,xo) = 2Ai(X(f/,xo),xo) 
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\ a 

— j !f*r{0) = a<m. 
Then the order of vanishing m = 2k is even, and the coefficient of in ip*r is positive. 

Remark: Condition (ii) is eliminating pure terms up to and including of order m, which is the 
vanishing order of ip*r. The same is achieved via the requirement that (p*h = in the definition 
of D'Angelo's property P as well as in the q version of property P. 

The following result appears on p. 632 of [10]: 

Proposition 2.15. Suppose M is pseudoconvex near xq, and that Ai(M, xq) is finite. Then 
M and Mk, the hypersurface corresponding to the truncation of order k of the defining function 
at Xq, satisfy property P at Xq for all sufficiently large k. 

It is easy to see from Proposition 12 . 141 that the equivalent result should hold for the q version 
of property P as well: 

Proposition 2.16. Suppose M is pseudoconvex near xq, and that Ag(M, xq) is finite. Then 
M and Mk, the hypersurface corresponding to the truncation of order k of the defining function 
at Xq, satisfy the q version of property P at xq for all sufficiently large k. 

3. Catlin g-TYPE 

David Catlin wished to avoid having to characterize the order of contact of a holomorphic 
variety of complex dimension q with the boundary of the domain along the singular locus 
of the variety, which can be considerably more complicated when g > 1 than for holomorphic 
curves. To that end, he introduced in ^ a numerical function Dg{M,xo) that measures the 
order of contact of varieties with M only along generic directions. 

Let be the germ of a holomorphic variety of complex dimension q passing through xq. Let 
W be the set of all (n — g + l)-dimensional complex planes through xq. Consider the intersection 
n S for S E W. For a generic, thus open and dense, subset of VF, V^nS consists of finitely 
many one-dimensional components Vg for k = 1, . . . ,P. Let us parametrize these curves by 
some open set U 3 in C. Thus, 7^ : f/ — )■ V^^^,, where 7^(0) = Xq. Set 

or do (70) *r 

t(VT]S,xo)= max . 

k=i,...,p ordoYs 

In Section 3 of [1], David Catlin showed r(V^ fl S^Xq) assumes the same value for all in a 
generic subset W of planes. Thus he defined 

T{y\ xo) = gen.val {riV f] 5, sq)} . 

The same argument allowed him to define for every holomorphic germ / G Oxq 

or do (70) * f 
r = max 'Y'l 
k=i,...,p ordoTs 
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and 

T{f,V'i)= gen.val {T{f,Vs)}. 
In a very similar fashion to D'Angelo in [10], Catlin then defined 

TiI,V^)=mmTif,V'^) 
for an ideal X of holomorphic germs in O^g ■ 

Definition 3.1. Let M be a real hypersurface in C". The Catlin q-type at xq & M is given by 

Dg{M,xo) = sup{r(V^^xo)}, 

VI 

where the supremum is taken over the set of all germs of q- dimensional holomorphic varieties 
passing through Xq. 

Clearly, Ai(M, xq) = Di{M,xq) as there is only one n-dimensional complex plane passing 
through Xo in C". 

In keeping with the parallel to D'Angelo's work in [10], Catlin also defined his version of 
g-type for an ideal X in Ox^ : 

Definition 3.2. Let X be an ideal of holomorphic germs at Xq, then 

D,(X) = sup{r(X,r^)}, 

VI 

where the supremum is taken over the set of all germs of q- dimensional holomorphic varieties 
V passing through xq. 

The following is Catlin's Theorem 3.7 on p. 154 of [1]: 

Theorem 3.3. Let X be an ideal in Oxg and let {wi, . . . ,Wq-i} be any non- degenerate set of 
linear forms in Oxg , then 

n 

gen.val d(^(X,wi, . . . ,Wg-i),xo^ < JJ A(X). 

i=q 

Remark: In the context of Catlin's definitions, the {n — q + 1) -dimensional complex plane S 
through Xo is precisely the zero locus of the non-degenerate set of linear forms {wi, . . . , Wg-i}. 

Since -Dfc(X) < Dg(X) for all A; > g and Dn{X) = 1, we obtain the following corollary to 
Theorem 13. 3 j which appears at the top of p. 156 of [^: 

Corollary 3.4. Let X be an ideal in Oxg and let {wi, . . . ,Wq-.i} be any non- degenerate set of 
linear forms in Oxq , then 

gen.val (^(X, wi, . . . , xq) < (L'g(X))""'' . 
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In case Aq{M,xo) = t < oo, the truncation Vk of the defining function r of M at xq of order 
k = \t\ has the holomorphic decomposition = Re{h} + — Hfi'lP, and M has the q 
version of D'Angelo's property P at Xq, we would hke to relate r(V^,xo) with t{I{U), V) for 
any unitary matrix U G U{N) and any g-dimensional complex variety V^. The reader may 
wish to check by going through the proof of D'Angelo's Theorem 5.3 on p. 631 of [lOj, which we 
stated here as Theorem 12.131 that the q version of D'Angelo's property P at xq implies 



David Catlin uses this exact reasoning on p. 156 of [4j in order to finish the proof of his Theorem 
3.4 without formally defining the q version of D'Angelo's property P. Instead, he employs this 
argument for a pseudoconvex domain, where we have shown that the q version of D'Angelo's 
property P holds if the D'Angelo g-type is finite. In his case, of course he assumes his g-type 
Dq{M, xo) is finite. 



The proof of Theorem 11.11 will proceed in two steps. Each of the two directions of the 
comparison of Aq{bQ,xo) with Dq{bQ,xo) will be proven in a separate proposition. 

Proposition 4.1. Let Q in be a domain with C°° boundary. Let xq &bVL be a point on the 
boundary of the domain. For any 1 < q < n, Dq{bfl, Xq) < Aq{bfl, Xq). 

Proof: If Aq{bQ,xo) = oo, then the estimate is obviously true. We thus restrict ourselves to 
the case when Aq{bQ,XQ) = t < oo. Assume the estimate is false, i.e. Dq{bQ,xo) > t. Since 
Dq{M,xo) is defined as the supremum over all g-dimensional holomorphic varieties passing 
through Xq of riy^^Xo), there exists such a holomorphic variety for which 



but as we have shown in Proposition 12.101 Aq(6f2,xo) is generic over the choice of S", so the 
curves in fl 5* enter into the computation of AqibVL.Xo). Therefore, 



Proposition 4.2. Let Vt in C" be a domain with C°° boundary. Let Xq E bVt be a point on 
the boundary of the domain. For any 1 < q < n, if the domain has the q version of D'Angelo 
property P at Xq, then 



r(V^^Xo) > 2r(X(f/),V«) \/U, ^V. 



4. Proof of the Main Theorem 



r(V^9, Xo) = gen.val {r(F« n S, Xq)} = t' > t, 



Aq{bn,xo) >t'>t, 



which is obviously a contradiction. 



□ 




Proof: Since the domain has the q version of D'Angelo property P at xq, as shown at the end 
of Section [31 we obtain 

r(V^^a;o) > 2r{I{U),V'') V?7, V\/'?. 
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Therefore, 



Dg{bn,xo) = snpiriV^xo)} > 2 snp {r{I{U),V^)} = 2D,(/(f/)) \/U. 

VI VI 



In other words, 

^^^^ > VC/ 

and 



We can now take the supremum on the right over all unitary matrices U G U{N) and use 
Corollary 13.41 to obtain 

' ^ sup ' " I TITTW \ 

U€U{N) 



U€U{N) 

By Proposition 12.81 and Equation (12. 3p 



> sup K(/(f/)))' 

ueU{N) ^ ' 

> sup gen.wa/r^ I ( (X(f/), wi, . . . , xq ) . 



\ I ) UdUiN) {w\,...,wq-x] V J I 



□ 



Proof of Theorem ll.lt We put together the results of Proposition 14.11 with Proposition 14.21 
and the fact mentioned in Section [2] that a pseudoconvex domain satisfies the q version of 
D'Angelo's property P when Ag(6f2,xo) < C)0, namely Proposition 12.161 □ 
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